We extend our previous gas-kinetic theory analysis of drag force in a uniform temperature field [Li and Wang, Phys. Rev. E. 68, 061206 (2003); 68, 061207 (2003)] to particle transport in fluids with nonuniform temperature. Formulations for drag and thermophoretic forces are proposed for nanoparticle transport in lowdensity gases. We specifically consider the influence of nonrigid body collision due to van der Waals or other forces between the particle and gas molecules and find that these forces play a notable role for particles a few nanometers in size. It is shown that the present formulations can be easily reduced to the classical result of Waldmann [Z. Naturforsch. A 14a, 589 (1959)] by assuming rigid body collision. From the force formulations we also obtain the equation governing the thermophoretic velocity. This velocity is found to be highly sensitive to the potential energy of interactions between gas molecules and particle, and as such Waldmann's thermophoretic velocity is not expected to be accurate for nanosized particles.
I. INTRODUCTION
In recent studies [1, 2] we obtained the mathematical formulations for the drag force, diffusion coefficient, and electric mobility of small particles in a fluid with a uniform temperature and a small particle Reynolds number ͑ReϽ 1͒. In the free molecule regime our analysis showed a notable influence of the van der Waals and other forces between the particle and fluid molecules on particle drag, and these forces were not considered in previous studies (e.g., [3] ). The purpose of the present study is to generalize our analysis to particle transport in low-density gases with nonuniform temperature. Our special interest here is the thermophoretic force and velocity. Below we shall provide a brief review about past contributions to the formulations of thermophoretic force and velocity, from the continuum to the free molecule regime.
Thermophoresis describes a phenomenon by which particles suspended in a fluid with nonuniform temperatures are subject to a force in the direction opposite to the temperature gradient [4] . This phenomenon was first described by Tyndall [5] , who observed that in a chamber filled with dusty air there existed a spatial region around a hot body free of particles. The force that removes the particles from the hot region is termed the thermophoretic force [6] . The thermophoretic force is often counteracted by the fluid drag on the particle, and in steady state the motion of particles has a constant velocity due to equal thermophoretic and drag forces. This velocity is known as the thermophoretic velocity. Thermophoresis is of major importance in a variety of applications, including aerosol science [7] , biology [8] , and combustion [9] . For example, a recent study [10] demonstrated that depositing flame-synthesized TiO 2 nanocrystals onto a substrate with tailored particle sizes and crystal morphology requires a quantitative knowledge of the thermophoretic velocity. This is especially true for particles a few nanometers in size.
Similar to the drag force, the thermophoretic force is strongly dependent on the Knudsen number Kn (Kn= / R, where is the mean free path of the fluid and R the radius of the particle). In the continuum regime ͑KnӶ 1͒, Epstein [11] examined the thermophoretic force for a sphere immersed in a fluid. Brock [12] improved on Epstein's solution by considering slip boundary conditions in the continuum derivations. Other attempts were made using the Boltzmann equation as the starting point of the analysis [13] [14] [15] , but the validity of these approaches remains questionable [11, 16, 17] .
In the free molecule regime ͑Knӷ 1͒, Waldmann [18] proposed an expression for the thermophoretic force that remains the foundation of modern engineering analysis for thermophoresis. The Waldmann equation is given by
where m g is the mass of the gas molecule, k is the Boltzmann constant, T is the temperature, and is the thermal conductivity of the gas. The corresponding thermophoretic velocity is given by
where is known as the momentum accommodation factor and N is the number density of the gas. A value of 0.9 is traditionally chosen for [19] based on Millikan's oil droplet experiments [20] . In recent studies [1, 2] we demonstrated that depends on particle size and possibly some other factors. For this reason, we shall term the momentum accommodation function hereafter. Waldmann's solution was later reproduced by Mason and co-workers [21, 22] using a dustygas model that considers both specular and diffuse scattering. Experimental [23] [24] [25] [26] and numerical studies [27, 28] have shown that for large Knudsen numbers the thermophoretic force and velocity approach the Waldmann solution.
In the transition regime ͑Knϳ 1͒ the problem is somewhat more difficult. Brock [29] extended the solution in the free molecule regime to the transition regime, while Talbot et al. [30] suggested that Brock's continuum equation [12] could be used as an empirical formula for the entire range of Kn if the coefficients in the formulation were chosen properly. Numerical studies have been reported using several different forms of the Boltzmann equation [27, 28, 31] . The numerical results seem to agree with experimental data, although questions have been raised concerning the validity of these data since they do not converge to Waldmann's solution at large Kn [32] .
It is seen that the theories for thermophoresis in the continuum and transition regimes are far from complete. In the free molecule regime, however, the gas-kinetic theory appears to work very well as manifested by the success of Waldmann's solution. Yet the accuracy and validity of the Waldmann formulation have not been adequately questioned and tested for nanosized particles. It is possible that based on our previous studies [1, 2] the rigid body collision model employed in the Waldmann analysis can lead to large errors for nanosized particles. Furthermore, to accurately predict the thermophoretic velocity, it is crucial that a thermophoretic force formulation be obtained in the manner that is consistent with the drag force formulation reported earlier [1, 2] .
In this paper, we investigate the thermophoresis of nanoparticles in the free molecule regime. The theoretical foundation of this analysis is the gas-kinetic theory. The influence of van der Waals force and other interactions is considered. It is shown that the current formulas are more general than Waldmann's solution in that these formulas can be reduced to Eq. (1) if a rigid body collision is assumed. The theoretical formulas are then parametrized and presented in a form that can be readily used in applications.
II. A GENERALIZED THEORY FOR FORCES ON A PARTICLE IN THE FREE MOLECULE REGIME
Following the pioneering work of Epstein [3] , we approach the problem by finding the total momentum transfer during collisions between the gas molecules and the particle. The total force exerted on the particle is the net momentum flux upon numerous collisions. Consider a gas in local equilibrium with a temperature gradient given by ٌT. Let the velocity of random motion of a gas molecule relative to the center-of-mass velocity of the gas be v. A particle is introduced into the gas with an instantaneous drift velocity V, again relative to the center-of-mass velocity of the gas. After collision, the velocities of the particle and gas molecule are denoted by VЈ and vЈ, respectively.
As in our previous study [1] , we attach the coordinate system to the particle with the origin O located at the mass center of the particle, as shown in Fig. 1 . The velocity of the gas molecules is given by g = v − V before collision and gЈ = vЈ − VЈ after collision. Let the z axis of the coordinate system be parallel to g, and i, j, and k be the unit vectors in the x, y, and z coordinates, respectively.
Consider the gas molecules traveling in a cylindrical region with an impact parameter b and velocity g (Fig. 1) and a small sector of this cylindrical shell of an area given by bdbd. In the coordinate system defined above, the differential force in the sector on the particle dF is the time derivative of the momentum of gas molecules, 
where p and pЈ denote the momenta before and after collision, respectively. The incident momentum p for the molecules in the sector is given by
where n is the number of molecules in this sector at time t, n = fgbdbddt, ͑5͒ m r = m g m p / ͑m g + m p ͒ is the reduced mass of the gas molecule and a particle with mass equal to m p , and f is the velocity distribution function of the gas molecules. In the presence of a thermal gradient, the velocity distribution function is given by [33, 34] 
where f 0 is the velocity distribution function with uniform temperature distribution
and f T accounts for the temperature variation,
The momentum of reflected molecules pЈ depends on the scattering model. We shall treat here separately two limiting models of collision, namely, specular and diffuse scattering. For specular scattering, the angle of incidence is equal to that of reflection, as shown in Fig. 1 , and the magnitudes of g and gЈ are assumed to be equal. For diffuse scattering, the magnitude of gЈ is Maxwellian, and the direction of gЈ is random above the element surface of impact [20, 35] . The dynamics of flyby scattering are identical for both cases.
For specular scattering the angle of scattering is given by [36] ͑g,b͒
where r is the center-to-center distance between the gas molecule and particle, and r m is the distance of the closest encounter. The van der Waals and other forces between the gas molecule and particle are accounted for by ⌽͑r͒, i.e., the potential function of interactions. The momentum of the reflected molecules is therefore pЈ = m r ng͑k cos + i sin cos + j sin sin ͒. ͑10͒
It is shown previously [1] that the second and third terms in the above equation vanish upon integration over from 0 to 2, and thus only the first term needs to be considered. Combining Eqs. (3) through (6) and (10) and integrating over v, b, and , we obtain the force in the limit of specular scattering F s as
where Q s ͑g͒ is the collision cross section [36] ,
Clearly, the force in Eq. (11) can be split into two terms such that F s = F D,s + F T,s , where the first term F D,s is the drag,
and the second term accounts for the thermophoretic force,
The solution of Eq. (13) has been obtained previously [1] as
where ⍀ s ͑1,l͒* is the reduced collision integral [36]
and ␥ = g / ͱ 2kT / m r . For the thermophoretic force, we combine Eq. (14) with Eqs. (7) and (8) and simplify to obtain
where u = V / V is the unit vector in the direction of the drift velocity of the particle. As in the previous study [1] , we assume that V Ӷ v, because the particle is much heavier than a gas molecule yet the temperatures (kinetic energies) of the particle and gas are not very different from each other. The error resulting from this assumption will be discussed in Sec. V. We therefore have dv Ϸ dg. Let and be the colatitude and azimuthal angles of g in a reference frame in which V is collinear with the z axis ( 
͑18͒
Furthermore, it can be shown that
Using Eqs. (18) and (19) and g = ␥ ͱ 2kT / m r , we rewrite Eq.
(17) as
Eliminating the inner integral, we obtain
Q s ͑␥͒d␥ ͬ u.
͑21͒
The above equation may be expressed in terms of the reduced collision integrals ⍀ s ͑1,1͒* and ⍀ s ͑1,2͒* as
We note that ⍀ s ͑1,1͒* −6⍀ s ͑1,2͒* /5Ͻ 0. Therefore the unit vector u in Eq. (22) ensures that the thermophoretic force is in the direction opposite to the temperature gradient. The interactions of gas molecules and particle are manifested in the reduced collision integrals. It can be shown that in the limit of rigid body collision (⍀ s ͑1,1͒* = 1 and ⍀ s ͑1,2͒* =1) and assuming that m p ӷ m g , Eq. (22) is easily reduced to the Waldmann equation (1).
We shall now obtain a similar expression for diffuse scattering. The velocity distribution of molecules diffusely scattered is Maxwellian and given by [1] 
The subsequent analysis is simplified by recognizing that the effective angle of diffuse scattering is normal to the surface of impact [1] , because the net momentum transfer is zero in the direction parallel to the surface. Define the polar angles between gЈ and e 3 as and , where e 3 is a unit vector as shown in Fig. 1 
where Q d ͑g͒ is the diffuse scattering cross section
The above integral is divergent and should be modified to account for the fact that for b ജ a critical impact factor b 0 , diffuse scattering is switched to orbiting ͑b = b 0 ͒ and grazing Fig. 3 of [1] ). The resulting expression is
͑29͒
Again Eq. (27) can be split into a drag force term and a thermophoretic force term,
where
. For the thermophoretic term, we obtain the force equation in a similar manner as that for specular scattering,
where ⍀ d ͑1,1͒* and ⍀ d ͑1,2͒* are the reduced diffuse scattering collision integrals
͑32͒
Comparing the specular and diffuse scattering models, we see that the formulations governing the thermophoretic force and reduced collision integral are identical. The difference is manifested by the collision cross section [see Eqs. (12) and (29)]. This difference, however, vanishes when the rigid body collision model is adopted. Specifically, the collision integrals in Eq. [2] that the rigid body collision is accurate as long as the particles are much larger than 1 nm. Therefore, for large particles the choice of the collision model (i.e., specular and diffuse scattering) is inconsequential to the thermophoretic force.
III. PARAMETRIZATION
The derivations in the preceding section consider two limiting scattering cases. The real case should fall between these limits [2] . A generalized equation for thermophoretic force may be obtained in terms of average reduced collision integrals ⍀ avg ͑1,1͒* and ⍀ avg ͑1,2͒* and parametrized by
where l = 1 or 2, and is the momentum accommodation function to be discussed in Sec. IV. This parametrization accounts for the limiting case of diffuse scattering with =1 and of specular scattering with = 0. The resulting thermophoretic force may be written in terms of ⍀ avg ͑1,l͒* as
and the drag force is
IV. COLLISION INTEGRALS AND MOMENTUM ACCOMMODATION FUNCTION
The collision integrals ⍀ ͑1,1͒* for both specular and diffuse scattering are tabulated in [1] using RudyakKrasnolutski's 9-3 potential function [37] . Here we shall tabulate ⍀ ͑1,2͒* values. In its original form the RudyakKrasnolutski potential energy is expressed as a function of the center-to-center separation distance r as
͔͖, a 9 =9r /8, a 3 =3r /2, C 9 =4 12 / ͑45͒, and C 3 =2 6 / ͑3͒, = M / s is the effective volume of the particle per molecule, s is the particle mass density, and M is the mean atomic mass of the particle material. The collision diameter and well depth are those of the Lennard-Jones (12-6) potential function for the interactions of the gas molecule and constituent atom or molecule of the particle. These potential energy parameters may be estimated from the selfinteraction potential parameters [2, 37] using the simple mixing rules = ͑ g + p ͒ / 2 and = ͱ g p , where g and p denote the gas molecule and constituent atom or molecule of the particle. Equation (36) may be nondimensionalized [2] and expressed as a function of modified reduced temperature T * = kT / Ј and reduced collision diameter Ј = / R with Ј =2 3 /3. It follows that ⍀ ͑1,2͒* may be tabulated as a function of T * and Ј as presented in Tables I and II for specular and diffuse scattering, respectively. The ranges 0.1Ͻ T* Ͻ 100 and 0.01Ͻ Ј Ͻ 0.6 are chosen to be sufficiently wide for all practical purposes. For example, the maximum Ј value ensures that the collision integral is applicable to particles with radius as small as 0.5 nm.
These same ⍀ toward high temperatures and large particle size (small Ј), the ⍀ ͑1,2͒* integrals approach their asymptotic limits of 1 and 1+5 / 48 for specular and diffuse scattering, respectively. The influence of nonrigid body collision occurs mostly for low temperatures and/or small particle sizes.
We parametrize the reduced collision integrals in the form of [2]
where the a's and b's are coefficients, and their values are found in Table III . Equation (37) satisfies the asymptotic limits of rigid body collision at T ‫ء‬ → ϱ and/or Ј → 0. The maximum fitting errors are 3.9% and 3.0% for ⍀ d ‫ء͒2,1͑‬ and ⍀ s ‫ء͒2,1͑‬ , respectively, both of which occur for large Ј and small T ‫ء‬ , i.e., the high-curvature areas shown in Figs. 2 and 3. In other regions, the fitting error is well within 2%.
As discussed in [2] , the momentum accommodation function in Eq. (33) is dependent on the particle size. By comparing the particle radius measured by transmission electronic microscopy with mobility size data measured at room temperature and ambient pressure, we found that switches from a value of 0 to a value of 0.9 at 2 -3 nm in particle radius (see, for example, Fig. 7 of [2] ). This function was empirically fitted in the following form:
where R is in nanometers. Equation (38) accounts for the transition from specular-scattering -dominated collision dynamics for particles with sizes approaching the molecular size [33] to diffuse scattering being the predominant collision outcome for large particles as reported by Millikan [20] . Putting Eq. (38) into Eq. (33), we obtain the average reduced collision integral as 
Our recent studies (not reported here) have suggested that in addition to particle size may also be influenced by temperature, the potential energy of interactions between the gas molecules and particle, and thus the particle material. We nonetheless assume here that is a function of particle size only and use Eq. (39) to obtain the average collision integral ⍀ avg ͑1,l͒* , since a quantitative description of the influences of temperature and potential energy on is not available.
V. THERMOPHORETIC VELOCITY
Following Waldmann [18] , we define the thermophoretic velocity V T as the terminal velocity of vanishing total force on the particle, i.e., F T + F D = 0, and obtain the expression for V T as
For the specular and diffuse scattering cases, one needs only to replace the subscript "avg" in the collision integrals by "s" and "d. We now examine the effect of nonrigid body collisions on the thermophoretic velocity. Figure 4 shows the ratio of nonrigid body V T to rigid body V T for several types of particles. The material properties used in the calculation are found in Table IV of [2] . Soot is assumed to be composed of carbon only and its density is chosen to be 1.8 g / cm 3 [38] . In this figure, the solid lines are calculated using ϵ 0.9 for the Waldmann thermophoretic velocity, a value traditionally used in computing the thermophoretic velocity [9, 18] and the drag force [19, 20] . Dashed lines in Fig. 4(c) are similarly calculated with the exception that Eq. (38) is used for in Waldmann's equation.
As seen in Fig. 4 , the variation of this velocity ratio is attributable both to the variation of the momentum accommodation function and, more importantly, to the potential force of interactions between the gas molecules and particle. The zigzag behavior in this ratio at R =2-3 nm is largely caused by the switching of the dominant scattering mechanisms from specular to diffuse reflections, which subsequently affect the drag force. For ultrasmall particles, the deviation of Waldmann's thermophoretic velocity from the current formulation is severe, by more than an order of magnitude in some cases. For R Ͼ 10 nm, the difference is drastically reduced compared to that for R Ͻ 10 nm. Even then, the rigid body assumption can overpredict the thermophoretic velocity by as much as 20% for R = 10 nm. The strong influence of potential interactions on the thermo- phoretic velocity is not surprising considering that the same effect was observed for the nanoparticle drag force [1, 2] . By considering the potential interactions, we showed that the predictions of the theory were in excellent agreement with data obtained for silver, copper oxide, and protein nanoparticles with sizes ranging from 1 to 10 nm in diameter (see Figs. 6 and 8 of [2] ).
In addition, we compare the thermophoretic velocity Eq. (40) with the thermal diffusion velocity predicted by the Chapman-Enskog theory [33] . As the particle size is reduced to molecular level, ⍀ avg ͑1,l͒* becomes ⍀ s ͑1,l͒* [2] . In a dilute particle-gas mixture the Chapman-Enskog thermophoretic velocity may be simplified to
by assuming that the molar mass of the particle is much larger than that of the carrier species. In the above equation, C represents a higher-order correction to V T and may be expressed in terms of a number of reduced collision integrals [33] ,
For rigid body collision, it is easy to find that C ϵ 1. For nonrigid body collision, the coefficient C is listed in Table IV as a function of reduced temperatures and for both the Lennard-Jones (LJ) (12-6) potential function and the current (9-3) potentials employed for particle-gas interactions. It is seen that C is close to unity for most cases. At high temperatures the correction amounts to about 10% for the LJ (12-6) potential, which is probably smaller than the uncertainty in the potential function. Therefore, as the particle size approaches that of a molecule, the current theory is quite accurate compared to the Chapman-Enskog theory.
VI. SUMMARY
We extended our previous kinetic theory analysis of drag on particles in a low-density gas to thermophoresis of nanoparticles in the free molecule regime. Formulas for thermophoretic forces and velocities were derived on the basis of gas-kinetic theory. Our derivation considered the influence of the potential energy of interactions between the gas molecules and particle. This influence was expressed in terms of reduced collision integrals. We demonstrated that the as- sumption of a rigid body collision in Waldmann's analysis can lead to thermophoretic velocity values significantly different from the more realistic nonrigid body model, especially for nanosized particles. The current analysis also demonstrated that Waldmann's formula may be considered as a limiting case of the current result under the assumption of rigid body collisions.
On the basis of the current analysis, we propose that the thermophoretic force and velocity in the free molecule regime be modeled by where the values of ⍀ s ͑1,l͒* and ⍀ d ͑1,l͒* are found in Tables I and II of [2] for l = 1 and Tables I and II of the current paper for l = 2. Alternatively, these collision integrals may be evaluated using the parametrized equation 
, ͑46͒
where the coefficients a and b are found in Table III. 
